A Morita equivalence for Hilbert C*-modules by Joita, Maria & Moslehian, Mohammad Sal
ar
X
iv
:1
20
3.
44
25
v1
  [
ma
th.
OA
]  
20
 M
ar 
20
12
A MORITA EQUIVALENCE FOR HILBERT C∗-MODULES
MARIA JOIT¸A AND MOHAMMAD SAL MOSLEHIAN
Abstract. In this paper we introduce a notion of Morita equivalence for Hilbert
C∗-modules in terms of the Morita equivalence of the algebras of compact operators
on Hilbert C∗-modules. We investigate some properties of the new version of Morita
equivalence and obtain some results. We then applied our results to study the
continuous actions of locally compact groups on full Hilbert C∗-modules. We present
an extension of Green’s theorem in the context of Hilbert C∗-modules as well.
1. Introduction
The notion of a Hilbert C∗-module is a generalization of that of a Hilbert space
in which the inner product takes its values in a C∗-algebra rather than in the field
of complex numbers. Hilbert C∗-modules are useful tools in AW ∗-algebra theory,
theory of operator algebras, operator K-theory, Morita equivalence of C∗-algebras,
group representation theory and theory of operator spaces. The theory of Hilbert
C∗-modules is very interesting on its own right. If E is a Hilbert C∗-module over a
C∗-algebra A , then we denote by LA (E) and KA (E), respectively, the C
∗-algebra of
all adjointable maps on E and the C∗-algebra of all “compact” operators on E. The
linking algebra associated to a Hilbert C∗-module E over a C∗-algebra A is denoted
by L(E). If H is an infinite-dimensional separable Hilbert space, then K denotes the
C∗-algebra of all compact operators on H .
The notion of (strong) Morita equivalence of C∗-algebras was first introduced by
Rieffel [15]. Two C∗-algebras A and B are said to be Morita equivalent if there
exists an A −B-imprimitivity bimodule, or equivalently, there exists a full Hilbert
B-module E such that A is isomorphic to the C∗-algebra KB(E). There are other
equivalent definitions of Morita equivalence in the literature, see [14]. This concept is
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weaker than the notion of C∗-isomorphism. It is an interesting problem to study the
properties of C∗-algebras being preserved under the Morita equivalence. It is known
that the Morita equivalence preserves K-theory and K-homology and several prop-
erties of C∗-algebras such as type I-ness [15], nuclearity [3] and simplicity [14]. Two
unital C∗-algebras are Morita equivalent if and only if they are Morita equivalent as
rings, cf. [3]. Also two C∗-algebras are Morita equivalent if and only if their minimal
dense ideals are Morita equivalent, cf. [1]. A foundation of Morita equivalence theory
for operator algebras is established in [4]. Muhly and Solel [12] defined a notion of
Morita equivalence for C∗-correspondences.
A Hilbert A -module E and a Hilbert B-module F are Morita equivalent in the
sense of Skeide [16] if there exists a Morita equivalence M from A to B such that
E ⊗M = F (or E = F ⊗M∗). In [17, Definition 3.4], two Hilbert C∗-module E and
F are called stably Morita equivalent if E ⊗H and F ⊗H are Morita equivalent,
where H denotes any infinite-dimensional separable Hilbert space. Two full Hilbert
C∗-modules E and F are Morita equivalent in the sense of Skeide if and only if the
C∗-algebras LA (E) and LB(F ) are bistrictly isomorphic, and this if and only if the
C∗-algebras KA (E) and KB(F ) are isomorphic [17, Corollaries 2.13, 2.14 and 2.16].
If two C∗-algebras A and B are Morita equivalent as Hilbert C∗-modules, then A
and B are Morita equivalent as C∗-algebras (in fact, A and B are isomorphic). The
converse implication is not true. So the notion of Morita equivalence introduced by
Skeide is stronger than the notion of Morita equivalence by Rieffel.
In this paper we introduce a notion of Morita equivalence for Hilbert C∗-modules.
It is defined as Morita equivalence of the algebras of compact operators on Hilbert
C∗-modules. This notion is weaker than that of Skeide but under some “standing”
countability hypotheses (σ-unital C∗-algebras and countably generated modules) our
definition coincides with Skeide’s definition of stable Morita equivalence. We inves-
tigate some properties of the new version of Morita equivalence and obtain some
results. We then applied our results to study the continuous actions of locally com-
pact groups on full Hilbert C∗-modules. We present an extension of Green’s theorem
in the context of Hilbert C∗-modules as well.
2. Results
We start this section with the following essential definition.
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Definition 2.1. Two Hilbert C∗-modules E and F , respectively, over C∗-algebras
A and B are Morita equivalent, denoted by E ∽M F , if the C
∗-algebras KA (E) and
KB(F ) are Morita equivalent.
It is well known that any C∗-algebra A is a Hilbert A -module in a natural way and
the C∗-algebras A and KA (A ) are isomorphic and so they are Morita equivalent.
Therefore, two C∗-algebras A and B are Morita equivalent as Hilbert C∗-modules if
and only if they are Morita equivalent as C∗-algebras.
Since the Morita equivalence of C∗-algebras is an equivalence relation, the Morita
equivalence ∽M on Hilbert C
∗-modules is an equivalence relation too.
Example 2.2. Let H be a separable infinite dimensional Hilbert space. Then H
∽M C ∽M K as Hilbert C
∗-modules, since the C∗-algebras C and K are Morita
equivalent.
Amorphism of Hilbert C∗-modules from a Hilbert C∗-module E over A to a Hilbert
C∗-module F over B is a map Φ : E → F with the property that there is a C∗-
morphism ϕ : A → B such that
〈Φ (ξ1) ,Φ (ξ2)〉 = ϕ (〈ξ1, ξ2〉)
for all ξ1, ξ2 ∈ E. Two Hilbert C
∗-modules E and F , respectively, over C∗-algebras
A and B are isomorphic if there is a bijective map Φ : E → F such that Φ and Φ−1
are morphisms of Hilbert C∗-modules.
Proposition 2.3. Let E and F be two Hilbert C∗-modules over C∗-algebras A and
B, respectively. If E and F are isomorphic, then E ∽M F .
Proof. Since the Hilbert C∗-modules E and F are isomorphic, the C∗-algebras KA (E)
and KB(F ) are isomorphic [2, Proposition 2.11], and so they are Morita equivalent.
Therefore E ∽M F . 
Given two Hilbert C∗-modules E and F over C∗-algebras A and B, respectively,
recall that the exterior tensor product E⊗F of E and F is a Hilbert C∗-module over
the injective tensor product A ⊗ B of A and B (see [11]).
Proposition 2.4. Let E1, E2, F1 and F2 be four Hilbert C
∗-modules over C∗-algebras
A1,A2,B1 and B2, respectively. If E1 ∽M F1 and E2 ∽M F2, then E1 ⊗ E2 ∽M
F1 ⊗ F2.
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Proof. From Ei ∽M Fi, i = 1, 2, we have KAi(Ei) ∽M KBi(Fi) (i = 1, 2), and then
KA1(E1)⊗ KA2(E2) ∽M KB1(F1)⊗KB2(F2). But the C
∗-algebras KA1(E1)⊗ KA2(E2)
and KA1⊗A2(E1 ⊗ E2) are isomorphic as well as the C
∗-algebras KB1(F1)⊗ KB2(F2)
and KB1⊗B2(F1⊗F2) (see, for example, [11, p. 57] ). Therefore KA1⊗A2(E1⊗E2) ∽M
KB1⊗B2(F1 ⊗ F2). 
Corollary 2.5. Let E be a Hilbert C∗-module. Then E ∽M E ⊗H ∽M E ⊗K.
Proof. From Example 2 and Proposition 4, we have E ⊗ C ∽M E ⊗H ∽M E ⊗ K.
Due to the Hilbert C∗-modules E and E⊗C are isomorphic we have E ∽M E⊗C. 
Corollary 2.6. Let E and F be two Hilbert C∗-modules over C∗-algebras A and B,
respectively. If the Hilbert C∗-modules E ⊗H and F ⊗H are isomorphic for some
separable Hilbert space H , then E ∽M F .
Proof. If the Hilbert C∗-modules E⊗H and F ⊗H are isomorphic, then, by Propo-
sition 3, E ⊗ H ∽M F ⊗ H . By Corollary 5, E ∽M E ⊗ H and F ∽M F ⊗ H .
Hence E ∽M F . 
Let E and F be two Hilbert C∗-modules, respectively, over C∗-algebras A and B
and let Φ : A → KB(F ) be a C
∗-morphism. Recall that the inner tensor product
E ⊗Φ F of E and F corresponding to Φ is a Hilbert C
∗-module over B (see [11]).
Proposition 2.7. Let E1, E2, F1 and F2 be four Hilbert C
∗-modules over C∗-algebras
A1,A2,B1 and B2, respectively. If Φi : Ai → KBi(Fi) (i = 1, 2) are C
∗-isomorphisms
and E1 ∽M E2, then E1 ⊗Φ1 F1 ∽M E2 ⊗Φ2 F2.
Proof. By [11, Proposition 4.7], the C∗-algebras KAi(Ei) and KBi(Ei ⊗Φi Fi) are
isomorphic for i = 1, 2, and then Ei ∽M Ei ⊗Φi Fi for i = 1, 2. It follows from
E1 ∽M E2 that E1 ⊗Φ1 F1 ∽M E2 ⊗Φ2 F2. 
Proposition 2.8. Let E and F be two full Hilbert C∗-modules over C∗-algebras A
and B, respectively. Then the following assertions are equivalent:
(1) E ∽M F ;
(2) L(E) ∽M L(F );
(3) A ∽M B.
Proof. (1) ⇔ (2) Since E and F are full, KA (E) ∽M L(E) and KB(F ) ∽M L(F ).
Therefore, E ∽M F if and only if L(E) ∽M L(F ).
For (2)⇔ (3) see [5, Theorem 1.1]. 
A MORITA EQUIVALENCE FOR HILBERT C∗-MODULES 5
Corollary 2.9. Let E be a full Hilbert A -module. Then E ∽M E ⊕ A ∽M A ⊗
H ∽M E ⊗H .
Given a Hilbert C∗-module E over C∗-algebra A , the vector space LA (A , E) of
all adjointable module morphisms from A into E has a canonical Hilbert C∗-module
structure over the multiplier algebraM(A ) of A , which is called themultiplier module
of E (see [13]). The vector space KA (E,A ) of all compact operators from E into A
has a natural Hilbert C∗-module structure over KA (E), which is denoted by E
∗.
Theorem 2.10. Let E and F be two Hilbert C∗-modules over C∗-algebras A and B,
respectively.
(1) If the Hilbert C∗-modules E ⊗K and F ⊗K are isomorphic, then E ∽M F .
(2) If E and F are full countably generated, E∗ and F ∗ are countably generated
in their corresponding multiplier modules and E ∽M F , then the Hilbert C
∗-
modules E ⊗K and F ⊗K are isomorphic
Proof. (1) It follows from Proposition 3 and Corollary 5.
(2) If E ∽M F , then KA (E) ∽M KB (F ). Since E and F are countably generated,
the C∗-algebras KA (E) and KB (F ) are σ-unital, i.e possess countably approximate
unit (see [11, Proposition 6.7]), and by [5, Theorem 1.2], the C∗ -algebras KA (E)⊗K
and KB (F )⊗K are isomorphic.
On the other hand, since E and E∗ are countably generated in in their corre-
sponding multiplier modules, the Hilbert C∗-modules A ⊗K and E⊗K are unitarily
equivalent (see [9, Proposition 3.1]) and then the C∗-algebras A ⊗K and KA (E)⊗K
are isomorphic. In the same manner, we deduce that the C∗-algebras B ⊗ K and
KB (F )⊗ K are isomorphic. Therefore, the C
∗-algebras A ⊗ K and B ⊗ K are iso-
morphic and so they are isomorphic as Hilbert C∗-modules. From these facts, we
conclude that the Hilbert C∗-modules E ⊗K and F ⊗K are isomorphic. 
Remark 2.11. If A is a σ-unital C∗-algebra, then A is a full countably generated
Hilbert C∗-module over A and since KA (A ,A ) is isomorphic to A , A
∗ is countably
generated in its multiplier module. Therefore, Theorem 10 extends [5, Theorem 1.2].
The next result is an extension of [5, Theorem 1.2].
Corollary 2.12. Let E and F be two full countably generated Hilbert C∗-modules
over commutative C∗-algebras A and B, respectively. Then E ∽M F if and only if
the Hilbert C∗-modules E ⊗K and F ⊗K are isomorphic.
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Proof. It follows from Theorem 10 and [9, Corollary 3.7]. 
Corollary 2.13. Let A and B be two C∗-algebras. Then A ∽M B if and only
if there are two countably generated full Hilbert C∗-modules E and F , respectively,
over A and B such that E∗and F ∗ are countably generated in their corresponding
multiplier modules and the Hilbert C∗-modules E ⊗K and F ⊗K are isomorphic.
Theorem 2.14. Let E and F be two full countably generated Hilbert C∗-modules
over σ-unital C∗-algebras A and B, respectively. Then the following statements are
equivalent:
(1) E and F are Morita equivalent;
(2) E ⊗K and F ⊗K are isomorphic;
(3) KA (E) and KB(F ) are stably isomorphic;
(4) KA (E) and KB(F ) are Morita equivalent;
(5) A and B are Morita equivalent;
(6) A and B are stably isomorphic.
Proof. Since E and F are full Hilbert C∗-modules over σ-unital C∗-algebras, the
Hilbert C∗-modules E∗ and F ∗ are countably generated and so they are countably
generated in their corresponding multiplier modules. Therefore equivalence of (1)
and (2) is nothing than Theorem 10. The equivalence of (5) and (6) is [5, Theorem
1.2], and the equivalence (1) and (5) is Proposition 8. Since E and F are countably
generated, the C∗-algebras KA (E) and KB(F ) are σ-unital, and then the equivalence
of (3) and (4) is [5, Theorem 1.2]. The equivalence of (1) and (4) is directly deduced
from Definition 1. 
Remark 2.15. By [17, Theorem 3.5], two full countably generated Hilbert C∗-modules
E and F over σ-unital C∗-algebras are stably Morita equivalent in the sense of Skeide
if and only if they are modules over Morita equivalent C∗-algebras. So, in this case,
the notion of Morita equivalence introduced in this note coincides with the notion of
stable Morita equivalence introduced by Skeide [16].
Corollary 2.16. Let E and F be two full countably generated Hilbert C∗-modules
over σ-unital C∗-algebras A and B, respectively. Then E and F are stably Morita
equivalent in the sense of Skeide [17] if and only if the Hilbert C∗-modules E⊗K and
F ⊗K are isomorphic.
Proof. It follows from Theorem 14 and [17, Theorem 3.5 (2)]. 
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3. Applications
Let E be a full Hilbert A -module and let G be a locally compact group. A
continuous action of G on E is a group homomorphism η from G to Aut(E), the
group of all isomorphisms of Hilbert C∗-modules from E on E, such that the map
t 7→ ηt (x) from G to E is continuous for each x ∈ E. Any continuous action η of G
on E induces a continuous action αη of G on A by αηg (〈x, y〉) = 〈ηg (x) , ηg (y)〉 for
all x, y ∈ E and g ∈ G. The linear space Cc(G,E) of all continuous functions from
G to E with compact support has a pre-Hilbert G×αη A -module structure with the
action of G×αη A on Cc(G,E) given by
(x̂f) (s) =G x̂ (t)α
η
t
(
f
(
t−1s
))
dt
for all x̂ ∈ Cc(G,X) and all f ∈ Cc(G,A ) and the inner product given by
〈x̂, ŷ〉 (s) =G α
η
t−1
(〈x̂(t), ŷ (ts)〉) dt.
The crossed product of E by η, denoted by G×η E, is the Hilbert G×αη A -module
obtained by the completion of the pre-Hilbert G ×αη A -module Cc(G,E) (see, for
example, [10]).
A continuous action η of G on E induces a continuous action βη of G on KA (E)
given by βηg (θx,y) = θηg(x),ηg(y) and a continuous action γ
η of G on the linking algebra
L (E) given by γηg (θa⊕x,b⊕y) = θαηg (a)⊕ηg(x),αηg(b)⊕ηg(y).
Recall that two continuous actions α and β of a locally compact group G, respec-
tively, on the C∗-algebras A and B are Morita equivalent if there is a full Hilbert
C∗-module E over A and a continuous action η of G on E such that the C∗-algebras
KA (E) and B are isomorphic, α = α
η and ϕ◦β = βη ◦ϕ, where ϕ is an isomorphism
from B onto KA (E).
Definition 3.1. Two continuous actions η and µ of a locally compact group G on
the full Hilbert C∗-modules E and F over C∗-algebras A and B, respectively, are
Morita equivalent if the actions βη and βµ of G, respectively, on KA (E) and KB (F )
are Morita equivalent.
The following proposition extends [7, Theorem 1 ] and [6, Theorem, p.299] in the
context of Hilbert C∗-modules.
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Proposition 3.2. Let η and µ be two continuous actions of a locally compact group G
on the full Hilbert C∗-modules E and F , respectively. If η and µ are Morita equivalent,
then the Hilbert C∗-modules G×η E and G×µ F are Morita equivalent.
Proof. If the actions η and µ are Morita equivalent, then the actions γη and γµ are
Morita equivalent, since the actions βη and γη are Morita equivalent, the actions βµ
and γµ are Morita equivalent (see [6, p. 297]) and the relation of Morita equivalence
of actions of groups on C∗-algebras is an equivalence relation. Then, by [6, Theorem,
p. 299], the C∗-algebras G×γη L(E) and G×γµ L(F ) are Morita equivalent. On the
other hand, the C∗-algebras G×γη L(E) and L(G×ηE) are isomorphic as well as the
C∗-algebras G ×γµ L(F ) and L(G ×µ F ) (see the proof of [8, Theorem 4.1]). Hence
the C∗-algebras L(G×η E) and L(G×µ F ) are Morita equivalent. From these facts
and Proposition 8, we conclude that the Hilbert C∗-modules G×η E and G×µ F are
Morita equivalent. 
The vector space C0 (G,E) of all continuous functions vanishing at infinity from G
to E has a canonical Hilbert C∗-module structure over C∗-algebra C0(G, A ), which
can be identified to C0(G)⊗A . Moreover, C0 (G,E) is full and can be identified to
C0(G)⊗ E.
The following theorem extends Green’s theorem to the context of Hilbert C∗-
modules.
Theorem 3.3. Let G be a locally compact group, G0 a closed subgroup of G, E a full
Hilbert A -module, η a continuous action of G on E and ση a continuous action of G
on the Hilbert C0(G/G0,A )-module C0(G/G0, E) defined by
σηt (f)(sG0) = ηt(f(t
−1sG0)).
Then the Hilbert C∗-modules G×σηC0(G/G0, E) and G0×η|G0E are Morita equivalent.
Proof. Since the linking algebra of C0(G/G0, E) can be identified to C0(G/G0,L(E)),
the action of G on L(C0(G/G0, E)) induced by σ
η can be identified to the action
σγ
η
of G on C0(G/G0,L(E)) given by σ
γη
g (f) (sG0) = γ
η
g (f (g
−1sG0)). Therefore the
C∗-algebras L(G×ση C0(G/G0, E)) and G×σγη C0(G/G0,L(E)) are isomorphic (see
the proof of [8, Theorem 4.1]).
Clearly γη|G0 = γ
η|G0 , so , by [14, Theorem 4.21], the C∗-algebra G0 ×γη |G0 L (E)
is Morita equivalent to the C∗-algebra G×σγη C0(G/G0,L (E)) and is isomorphic to
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L
(
G0 ×η|G0 E
)
(see the proof of [8, Theorem 4.1]). Hence the C∗-algebras G ×σγη
C0(G/G0,L (E)) and L
(
G0 ×η|G0 E
)
are Morita equivalent. We have therefore showed
that the C∗-algebras L(G×ση C0(G/G0, E)) and L
(
G0 ×η|G0 E
)
are Morita equiva-
lent, whence, by Proposition 8, G×ση C0(G/G0, E) ∽M G0 ×η|G0 E. 
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